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Abstract. In this note, using the recent compactness results of Tian and Chen-Donaldson- 
Sun, we prove the K-semistable version of Yau-Tian-Donaldson correspondence for Fano 
manifolds. 

1. Introduction 

The recent development in Kahler geometry is the announcement of resolution of the 
Yau-Tian-Donaldson's conjecture for Fano manifolds, first by Tian and independently by 
Chen-Donaldson-Sun (See [32], [10]). To state this result, let X be a Fano manifold, which 
means ci{X) = ci(—Kx) > 0. We first define the special degeneration following Tian [29] 
(See also [20]). Let D £ \ — XKx\ be a smooth pluri-anticanonical divisor. 

Definition 1. Let < a < 1. 

(1) A special degeneration of {X,aD) is a C* -equivariant map vr : {X,T>) — t- C such 
that 

(a) The general fibre {Xt,T)t) = {X, D) fort^O. 

(b) the central fibre Xq = 7r~-'^{0} is a Q-Fano variety and {Xq, uVq) is a kit pair. 
(For the definition of Fano varieties and kit singularities, see the classical refer- 
ence in birational geometry by Kolldr-Mori [15] 

(2) Following Ding-Tian [12], define the generalized log-Futaki invariant of the (Af, oD, —Kx/c) 
as the log-Futaki- invariant (|14] j on the central fibre as follows: 

Fut{X, aV, -K^/c) = Fut{Xo, aVo,v) 
= - v{h^)u) -na[ 9^uj — - — / O^u 



JX \J2nD {cii-Kxr,[X]) Jx 

where v is the generating holomorphic vector of the C* -action on the central fibre, 
uj G 2'KCi{—Kxo) is a Kahler metric, /i^j is the Ricci-potential of u defined by 
Ric{uj) — UJ = ^/—Iddhi^ (See equation {!)). 6^ is the Hamiltonian function for v 
defined by LyUJ = y/—ld9v . 
(3) {X,aD,—Kx) is K-semistable (resp. K-polystable), if for any non-product special 
degeneration of{X,D), the log-Futaki invariant Fut{X , aD, —K^/c) > (resp. 
>0). 

Then we have 
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Theorem 1 (Tian [32], Chen-Donaldson-Sun [10]). X admits a Kdhler- Einstein metric if 
and only if {X, —Kx ) is K-polystable. 

The program to prove such a theorem using Aubin's continuity method ([1]) was first 
proposed by Tian in the early 90's following his solution of Kahler-Einstein problem for 
del Pezzo surfaces [27]. The hard core of this program is Tian's conjecture of so called 
partial C^'-estimate (cf. [27], [28], [31]). The foundational work of Cheeger-Colding-Tian 
[8] is a major step towards this conjecture. Donaldson's great insight [14] which leads to 
the breakthrough is that the conical continuity method is more adapted to the problem. 
Several people in the field then extend much of the PDE theory in the old continuity method 
to the conical continuity method (See in particular, [14], [16]). However, to complete the 
program, one needs to resort to Tian's idea of proving partial C'^-estimates and extending 
Cheeger-Colding-Tian's theory to establish the following important compactness theorem. 

Theorem 2 (Tian [32], Chen-Donaldson-Sun [10]). Let 7 = Rc{X,D/X). As t ^ -f, 
the conical Kahler-Einstein metric Cot on (X, (1 — t)D/\) Gromov-Hausdorff converges to 
a conical Kdhler- Einstein metric Cj^ on a kit pair (Aq, (1 — "f)T>Q/\). Moreover, there is 
a special degeneration (Af, (1 — ^)'D/X, —K^/c) of {X, (1 — ^)D/X, —Kx) with {Xq, (1 — 
^)Dq/ X, —Kxo) being the central fibre. 

The purpose of this note is to show the semistable version of Yau-Tian-Donaldson cor- 
respondence using the above compactness result as a tool of blackbox. For the notations 
used in the statements (5(a;<^), Rs{X) and Rc{X,D/X)), see the definitions in following 
section. 

Theorem 3. The following conditions are equivalent: 

(1) {X,—Kx) is K-semistable. 

(2) R,{X) = 1. 

(3) Rc{X,D/X) = 1. 

(4) The infimum of Calabi functional is zero, that is 

inf ^ \\S{^4>) - r^Wh^ = 0- 

<^</)Gci(Jf) 

(5) The Mabuchi- energy is bounded from below, or equivalently, the Ding-energy is 
bounded from below. 

Remark 1. Professor Robert Berman told me that, using Theorem 3 and result in his paper 
[7], the above conditions are also equivalent to the condition that the sup of Perelman's X- 
functional is equal to n ■ Vol{X). 

Remark 2. Some equivalences have been known for some time. See discussions in the 
next section. Most ingredients for proving the full statement are available after the works 
of Tian and Chen- Donalds on- Sun. For example, the works in [19], [23] are related to 
this result. However, some more arguments are needed and the author hopes that some 
clarifications could be helpful. In particular, in Lemma 1 we find explicit calculations to 
resolve a technical difficulty encountered in [19]. 
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2. Proof of Theorem 3 
Let ujQ be a smooth Kahler metric in ci{X). Define the space of smooth Kahler potentials 
VSn{ujQ) = C°°(X,M);a; + ^/^dd(t) > 0}. 
The Ricci curvature and scalar curvature are defined as 

Note that the average of scalar curvature 5 of G ci{—Kx) is always equal to n. 

The additive group M acts on VS1-L{ujq) by addition. By the 95-Lemma, the space of 
smooth Kahler metrics is the same as 



vsn{LOQ) = vsn{uoo)/^. 

The Ricci potential h^^^ of ojq measures the deviation of ujq from being Kahler-Einstein. It 
is defined by the formulas 



(1) Ric{LOQ)-UQ = y/^ddK,, / e^'-^uo^= / w^. 

JX Jx 

There are now two important continuity methods considered in the subject: 

• (Aubin's continuity method) 

(2) (wo + V^ddcPtT = e^-o-f^uj^ ^ Ric{u^J = tco^ + (1 - i)^o. 
Define the maximal value of t for solvability of above equation as (cf. [24]) 

(3) RsiX) = sup{i; 3 a; G 2ttci{X) such that Ric{u;) > tu}. 

• (Conical continuity method) For any A > 1 G Z. Let D = {s = 0} G | — XKx\ be 
any smooth pluri-anticanonical divisor. Let | • p = | • 1^^ be the Hermitian metric 
on —XKx whose Chern curvature is Aa;o. 

(4) {coo + V^ddiJtr = e^"o-*^ ^ ffic(a;^J = tu^, + 27r(l - t){D}/X. 



|5|2(l-t)/A 

Note that the solution of this equation corresponds to a conical Kahler-Einstein 
metric on {X, (1 — t)D/X) which means a Kahler-Einstein metric with cone singu- 
larities along the smooth divisor D of cone angle 27r/3 = 27r(l — (1 — t)/A) . Similarly 
as above, we define 

Rc{X,D/X) = sup{t; 3 conical Kahler-Einstein metric on {X, (1 — t)D/X)}. 

To study the relation between Rs{X) and Rc{X,D/X), we consider the following func- 
tional which are now well known. See for example [18] for general twisted functionals. 

Definition 2. Let V = Jx^^- normalize \ ■ \ such that e'^'^oojQ /\s\'^^^~'''>^^ = Jx^o- 
For any (j) G VST-L{loq), we define 
(I) 
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(2) 

Jx Jx 

(3) (Ding energy) ([II]) 

F.„a-t).oi^^) = F^,{c^) - J log ^ e'^-o-i^o;^'^ . 

(4) Fortj^O, 

For A > 2 and t = 0, 



(5) (Mabuchi energy) 

Jx ^0 \Jx J JX 

(6) 
(7) 

z^<^o,(i-t)D/A('^<^) = z^<^o,{i-tVo('^</') + (1 - / log \sfl^{ufl - Wo) 
Recall the following definition by Tian: 



Definition 3 ([29]). A functional F on VST-L{ijJq) is called linearly proper if there exists 
constants Ci > and C2, such that for any (f) G VST-L{(jJq), we have 

i^M >Ci(/^o -^o)(^0)-C2. 

The following proposition summarizes the relevant PDE theory for Aubin's continuity 
method and conical continuity method. 

Proposition 1. (1) Rs{X) > ro if and only -FtjQ,(i-t)i^Q is linearly proper when t < 
ro, equivalently, if and only if Vu]Q,(i-t)u]Q linearly proper when t < tq. 
(2) Rc{X,D/X) > bo if and only «/ -Fa;o,(i-t)Z)/A linearly proper when t < bo, equiva- 
lently, if and only if i'u]Q,{i^t)D/\ is linearly proper when t < bo- 

Remark 3. The proposition is now well known (cf. [19], [23], [24] j, but for the reader's 
convenience, I will sketch the proof of this proposition. Also see [18, Chapter 3] for more 
discussions and references related to this proposition. 

Proof. We first assume the solvability of (2) (resp. (4)). Then the argument splits into the 
following steps. 
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(1) When < ti < 1, the functionals i^c.o,(i-tiVo' (^^^p. -FLo,(i-ti)D/A> 
'^ujo,{i-ti)D/\ ) are proper. This can be proved using Tian's a-invariant [11], [30] 
(resp. log-a- invariant [6]). 

(2) The solution of equation (2) (resp. (4)) for t = t2 < RsiX) (resp. t = t2 < 
Rc{X,D/X)) obtains the minimum of both functionals -F'u;o,(i_t2)t^o ^^'^ ^u;o,(i-t2)i^o 
(resp. F^o,(i_f2)z)/A and z^u;o,(i-t2)£'/A)- (cf- [3], [5], [6]) 

(3) The functional i^ujo.{i-t)LOo (resp. i^ujo,{i-t)D/x) is linear in the variable t. Also, by 
Holder's inequality, the functional -^i^o,(i-t)i.Jo (resp. i^a;o,(i-t)-D/A) is concave down- 
ward in the variable t.(See [19]) So the properness of functionals for intermediate 
values < ti < t < t2 < Rs{X) (resp. < ti < t < t2 < Rc{X,D/X)) follows from 
interpolations. 

To prove the other direction, we assume the properness of functionals. 

(1) Start the continuity method. For Aubin's continuity method (2) , Tian's a-invariant 
[26] bounds Rs{X) away from by the inequality Rs{X) > ^a{X) > 0. For the 
conical continuity method (4), for simplicity, we assume A > 2. One can choose to 
such that l-A<to<l-A + e<0 with < e < 1. The solvability of (4) when t = 
tQ is proved in the same way as in the case of smooth Kahler-Einstein metric with 
negative Ricci curvature, because the cone angle < 27r/3 = 27r(l — (1 — to)/A) <C 1 
is very small and the cone singularities do not cause troubles in the estimates. In 
general, all cases (for all A > 1) can be dealt with as in [16]. 

(2) The openness of solution set holds for (2) by [1] and for (4) by [14]. 

(3) The closedness of solution set follows from a priori estimates which are true by the 
assumption that the functionals are proper. This is proved as follows. Firstly, by 
the interpolation argument as above, the functionals are uniformly proper along 
continuity methods. So (/ — J)^^^ (w^) are uniformly bounded. Secondly, because 
the Sobolev constants are uniformly bounded along the continuity methods, so the 
C'^-estimates follow from Moser iterations, (cf. [26], [16]) Then by the theory of 
(singular) Monge-Ampere equations, C^'-estimates are sufficient for higher order 
estimates. For more details, see [1], [16]. 

□ 

Corollary 1. (1) Rc{X,D/X) < Rs{X). 
(2) ^23]; Re{X, D/X) >Rs{X- 1)/(A - R,). 

Proof. (1) Because -F,^o,(i_f)a;„ > F^o,{i-t)D/x - C for constant C = i^logmax^ \s\'^, 
this follows from above Proposition immediately. 
(2) By the Holder's inequality, we have 

f /i„o-tV < (,\\hu.o\\Lo^/'i [ [ e^'^o-^P'^ujji] ( [ ^- uj'r^^ 

Then the inequality follows by solving the following conditions: 
t-p<Rs{X), p-^+q-^ = l, {l-t)q/X<l. 

□ 
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Remark 4. If we define the invariant 

Rc{X) = sup{RciX,D/X); smooth D e\- AKx|, A G Z>i}, 

then the above corollary immediately implies Rc{X) = Rs{X). However, Rc{X,D/X) may 
vary with the divisor D when Rs{X) < 1. In [19], on toric Fano manifold, we constructed 
some D and A with Rc{X,D/X) = Rs{X). But, by Szekelyhidi [25], it's not true that a 
general smooth divisor could satisfy Rc{X,D/X) = Rs(X). 

Let's come back to the proof of Theorem 3. Many imphcations of different conditions 
above are akeady weU known. We summarize them in the following 

• (5) (1). This direction is well known. See Tian [29], Paul-Tian [21]. (See also 
discussions in [18]) 

• (5) =^ (2). This was proved by Bando [2]. 

• (5) =^ (3). This follows from the interpolation argument used in Li-Sun [19], Wang- 
Song [23]. 

• (3) (2). This follows because in general we have Rc{X,D/X) < Rs{X) by 
Corollary 1.(1). 

• (2) =^ (3) when A > 2. This follows from Song-Wang's estimate in Corollary 1.(2). 

• (2) =^ (4). This follows from the work by Bando [2]. 

• (4) =^ (1). This was proved by Donaldson [13]. 

• (2) =^ (1). This was proved by Szekelyhidi [24]. 

Note that the above implications roughly say that condition of K-semistability (1) is 
the weakest, while the condition that Mabuchi-energy is bounded from below (5) is the 
strongest. In order to complete the proof of Theorem 3, we just need to show the following 
two propositions, which implies that (1) is equivalent to (5). 

Proposition 2. (1) =^ (3). 

Proof. Prove by contradiction. Suppose 7 = Rc{X,D/X) < 1. Then by Theorem 2, we 
get a special degeneration (Af,P) of {X,D) such that (Afo, (1 — 'y)'DQ/X) admits a con- 
ical Kahler-Einstein metric. Then by [14] or [17], we have Fut{XQ, {1 — ^)Dq/ X,v) = 
Fut{X,{l — jX^—Kxjo) = 0, where v is the holomorphic vector field on the cen- 
tral fibre (Afo,Po) coming from the special degeneration. On the other hand, by [19], 
Fut[XQ, (1 - e)Po/A,t;) = Fut{X, (1 - e)P/A, -Kxj^) > when < e < 1. By the lin- 
earity of log-Futaki invariant Fut{Xo, (1 — t)T>Q/X, v) in the variable t, we get Fut{X, (1 — 
1)V/ X, —Kp^/q) = Fut{X ,—Kx/(c) < 0. This is in contradiction with {X,—Kx) being 
K-semistable. □ 

Proposition 3. (3) (5). 

Proof. Given Theorem 2, we follow the line of arguments in [19] where a generalization of 
Chen's theorem [9] was proved in a simple case of isolated singularities. Here some more 
arguments are needed. See Lemma 1. 

(1) We can first embed the special degeneration vr : — > C equivariantly into 7^2 '■ 
P-^ X C — >• C using the complete linear system | — mKx/c\ then restrict ^^^^5 + 
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dw A div onto X to get a reference metric il. Without loss of generality, we can 
assume Oj^'i = = ^o- 
(2) Take a resolution of singularities p : X ^ X. We solve the Dirichlet problem for 
homogeneous Monge- Ampere equation on M = (p o 7r)~^(i?i(0)): 

p*n + V^dd<^ > 0, {p*Q + = on M ; ^\qm=s^, 



\dA<r=S^xX — 9- 

We have a bounded solution $ G L°°{M). This is because we can construct a 
subsolution by using cut-off function to glue the metric + a • dw A diD (for a 
sufficiently large) on 7r~^(i?i(0)\{0}) = X* = X x Bi{0)* with the reference metric 
p*Q on {p o 7r)~^{Bi/2{0)). For details, see Proposition 4.10 in [19]. Since $ is 
plurisubharmonic on the compact exceptional divisors of p, it restricts to constant 
function on exceptional divisors and descends to a bounded O-plurisubharmonic 
function on M = ^{^^(o)- By [22], we know furthermore that <1> is C^'°' away from 
Sing{M). 

(3) This part of argument depends on Berndtsson(-Paun)'s convexity result. We need 
a definition and some remarks before applying this result. 

Definition 4. Assume {X,aD) is a kit pair, where D = {s = 0} € | — XKx\- 
Assume mKx is C artier for Z 3 m > 1. For any small open set U C X , let v be a 
local generator of 0{mKx){U) and v* be the dual generator of 0{—mKx){U). For 
any Hermitian metric h on —Kx with bounded potential, we define the adapted 
volume form by 



dV{{X, aD),h) 



ff/'^iv Avy/'"^ _ dV{h) 



\„\2a |„|2a 



Here and henceforth, we just write dV{h) for dV{{X,0),h). 

Remark 5. Since the kit property is important for us in the following, we briefly 
explain why the kit property holds in Theorem 2. Some more detailed argument 
(probably implicit in the proof) can be found in [32] and [10]. 

In general log-setting, {Xq,{1 — t)T)Q/\) being Kawamata log terminal is equiv- 
alent to the integrality of dV{h)/\soffl^^ ^''^^ where sq ^ \ — \Kxq\ such that Vq = 
{sq = 0}, and h is any Hermitian metric with bounded local potentials. If uj-y is a 
conical Kdhler- Einstein metric on {Xq, (1 — ^)T)q/ X) and h = is the correspond- 
ing Hermitian metric on —Kx^, then it's easy to verify that, on any small open set 
Uo C Xo, 

dV{h,) = \v*o\l''\vo A vo)'/"^ = e^lsolf^-'^/'u:;, 
where f is a bounded pluriharmonic function on Uq. So we have 

|„,*|2/m/ . - \l/m 

dV{h^) _ 1^0 1^ ivor^vo) 



/ - n 

, 2(l-7)/A ~ I |2(l-7)/A.„ ^7 " ^ ^7 
So i So f ^1 
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So, in particular, the kit property of {Xq, (1 — 7)^^o) Theorem 2 follows from the 
following facts. 

• As remarked before, proving Tian's partial -estimates is an important step 
to prove Theorem 2. By its proof, we know that there exists a non-vanishing 
generator of 0{—mKxo){UQ) for some positive integer m. 

• The volume form Ju^t^l^ = Voluj^{Uo) is finite, because u).^/ is Gromov-Hausdorff 
limit of the conical Kdhler- Einstein metrics uJt on [X, (1 — t)D/X), as t ^ j. 

Remark 6. On a smooth manifold X , assume z = {zi} is a local coordinate chart. 
For any smooth Hermitian metric h on —Kx with Chern curvature equal to u = 
— y/^ddlogh, the adapted volume form is given by 

dV{h) = \d,\ldzAdz. 



and it satisfies the equation: 



dV{h) 



IxdVihY 

and so —\/—ldd log [e^^uj"-) = lo = —\/—ldd log dV{h). In the previous Monge- 
Ampere equations and definition of Ding energies, we could use either e^^u}^ or 
adapted volume form dV{h). But here to apply Berndtsson's convexity result, we 
need to work with adapted volume forms. 

Let's return to the proof of Proposition 3. By the above define and remarks, 
define 

/(t) = FO^^(c^UJ-log e-*l-*dy(/inUj) =1 + 11. 
Here, on each fibre Afj, 

where m is a positive integer such that mKx/c is Cartier, and v = (vt) is the 
generator of 0{—mKx/c)- 

Now since $ satisfies the homogeneous Monge- Ampere equation and -^^l^^- 
essentially the negative Bott-Chern integral for ci(L)"~^^, we get 

^ddi = — — f (n + V^dd<^r+^ - = [ (7"+^ > 0, 

where j-,^^ denotes the integration along the fibre. 

On the other hand, by writing Ox as Kx + {—Kx), it's easy to see that ll{t) 
is the relative Bergman metric on Tr^,{Ox) = Oq- By [4], is subharmonic on 
Bi{0)* = Bi{0)\{0} and \/—lAlldz A dz extends to a positive current on i?i(0). 

Lemma 1. The part II(t) is continuous as a function of t . 
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Assuming the Lemma, it's easy to see that All > on the whole -Bi(O) as a 
distribution. So by maximal principle and S^-symmetry, we have 

max II(i) = 11(1) > 11(0) = 11(0). 

teaBi(o) 

Combining the above discussion, we see that 

Proof of Lemma 1. We first note that the problem can be reduced to prove (local) 
volume convergence. More precisely, for any < 5 <C 1, we choose a small neigh- 
borhood Ws of Sing{X). The claim is that, we only need to show that for any 
< (5 < 1, 

lim / dV{hn) = [ dV{hn). 
to get the convergence 



lim / e-'^dVihn) = / e-'^dVih 



Note again, the finiteness on the right hand side follows from Xq being kit. To 
verify the claim, we split the integral in part II as: 



e-'^dV{hn)= e-'^dV{hn)+ e-''dV{h^). 

'Xt Jxt\m JXtnWs 

Then the claim easily follows by choosing 5 sufficiently small and using the property 

of i.e. it's bounded and C^'°', for any < a < 1, alway from the singularities. 

Now we prove the (local) volume convergence. For any x G Xq, choose a small 

neighborhood U of x. Choose a local generator v = (vt) of 0{mKx/c){^)- Since 

the density function l^^tlhfji;^. uniformly converges to |^ol^j^|^ j we only need to 

prove the convergence: 



lim / (vAv)^/"' = / (voAvo)^/"', 



Ut JUo 



where Ut =U r\Xt. We will prove this by calculating the pull-back of the integrals 
to a log resolution. For preparation, note that in the special degeneration X, 
'^0 = {t = 0} is a reduced fibre. This should follow directly from the construction 
of X in Theorem 2. Or we can use the fact that the generalized Futaki invariant 
of X is zero. If Xq was not reduced, we could do the base change and get a special 
degeneration with negative Futaki invariant, which is in contradiction with X being 
K-semistable. For details, see [20, Claim 1]. 

Now choose a log resolution of the pair [X^Xq): ^ : Xq ^ X . Let vf = vr o /x. 
Then we have 

K 

^*Xq = ix*TT*{{t = 0}) = ^*{{t = Q]) = Xl^ + ^ OiEi. with Z 9 > 0, 
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where is the strict transform of Xq under /i^^. The divisors Xq and Ei have 
simple normal crossings. We also have the formula: 

K 

4=1 

Since Xq is kit, by the inversion of adjunction [15, Theorem 5.50], {X^Xq) is pit. 
So 5i < 1. Furthermore, by adjunction formula, we have 

K 

K;,,={f^U>rK;r,-^b,E,\x>. 

i=l 

with 6j < 1. This is saying exactly that Xq is kit. 

Using equation (5) and tensoring both sides of (6) with fi*K^^, we get 

K 

f^*Kx/c = - ^(ai - bi)Ei. 

i=l 

Fix any point x G iJ,~^{h() C Xq. Choose a small neighborhood of x and write 
Ut =U nXt. We estimate the pull-back integral on Ut . 
Case 1: x £ Xq. Without loss of generality, we can assume 

X £ x^nn^J^Ei. 

Choose a coordinate chart w = {wo,wi, . . . ,Wn} = {wo,w'} such that locally, 
Xq = {wq = 0} and Ei = {wi = 0} and the map p, is given by 

t = wo'[[wl\ 

i=l 

Then equation (8) means, analytically, we have 

= g{w)'[[w^'-^' {dwo A dw' ® dt), 
1=1 

where g{w) is a non-vanishing holomorphic function of w, and dw' = dwi A 
• • • A dwn- To calculate the integral on Ut C Xt, note that on Ut we have 
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The local volume form in (9) restricted on becomes 
JJ w1'~''''dw (8) dt\ij^ = JJ w1^~^^dwQ A dwi A • • • A dwn ® 



1=1 i=l 



i=l lli=l^i 

Ni n 

l^w'^^dwiA 1^ dwj. 

i=l j=Ns,+l 



Then we have 



Ni n 

fi*{v AvY^"^ = g{wo{t,w'),w') /\\wi\~'^'''dwi AdTlii A f\ dwjAdwj. 

i = l j=Ns: + l 

So we see that 

Ni n 
lim^*(7; A t;)^/™ = g{0,w') /\^\wi\~'^^^dwi A dwi A /\ dwj A dwj 

i=l j=Ni: + l 

= fi\*,,{voAvo)'/^. 
The second equality is just the analytic form of formula (7). So we get 



lim / /.*(t;At;)i/-= / f,\*^Avo A vo)'/"' . 
Case 2: x ^ Xq. Without loss of generality, we assume 



We can choose the coordinate chart {wi, . . . ,Wn+i} such that Ei = {wi = 0} 
for 1 < i < Nx and the map fl is defined by the formula 

1=1 1=1 

where we introduce r/i = w'^^ . So on Xt , we have 

ai _ * _ t 



Ui=2Wi Ui=2yi 

Denote dw' = dwi A • • • A dwn+i- Then by (8), 

(11) fi^iv^/n = g{w)llw^^-'^ {dw' dt), 

1=1 
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One should compare this formula with (9) which has extra dwQ factor. For 
1 < i < Nx, we rewrite the corresponding factors in (11) using the variable yf. 



Wj^ dwi = — w- a[w- ) = — ul — 



a,; 



ai a-. 



Here we denote /3j = (1 — bi)/ai. The important inequality for us is /3j > 
because bi < 1 and Z 9 Oj > 1. 

Using the relation (10), we can find the volume form on Ut C Xt'. 



dw' (g) dt 



n+l 



W 



Ut 



dwi ^J\w1'-^'dwi ^ l\ dwj dt 



i=2 



dt 



Ut 

71+1 



rTV. 



A/\y'^'dy,A f\ dwj ^ dt 



i=2 



Ut 



n+l 



A 

i=2 j=Ns+l 

where A = Hi^i ^ positive integer. So 

I / \|2 

\t\'^' f\{\y^\'^^^-^'^-'dy.Ady,)A f\ dy.Ady,. 

1=2 j=Ni+l 



A^ 



Without loss of generality, we can assume the region Ut is comparable to the 
following region Ws^t- 

W5,t = {\yj\<S,j =2,...,n; J]|y,| > \t\/6}, 



i=2 



where 1 > > is a fixed small positive number. By changing into logarithmic 
polar coordinate yi = e^'"*"*^' , we only need to estimate the integral: 



t 



2/3i 



Eia;i>logt-Iog5 1=2 



Now, without loss of generality, we can assume /3i > /3i, so that (/3j — /3i)xj < 
in the region of integration, so it's easy to see that the integral is bounded by 

|t|2/5niog5-log|t|)^*-V(A^--l)!, 
which goes to as t — )■ 0. So 

lim / ^x^vAvf'"^ = 0. 
Jut 

Combining the estimates in above two cases, the Lemma easily follows from parti- 
tion of unity argument. □ 
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Remark 7. Professor Robert Berman pointed out to me that the continuity of II 
was not known in previous work. So Lemma 1 also answers his question. 

(4) Because Xq has Kahler-Einstein ^q^ke by Theorem 2, it obtains the minimum of 
Ding-energy functional by [11] (or rather its variation to the Q-Fano case. See [5] 
and discussions in [19]). 

(5) The lower boundedness of Ding energy and lower boundedness of Mabuchi energy 
is well known now. See for example [6] and the references therein. 

□ 

Remark 8. The above arguments, in particular, the proof of Lemma 1, can also be extended 
to the log-setting. This allows us to confirm the Conjecture 4-16 in [19]. 

Acknowledgement: The author would like to thank Professor Gang Tian for constant 
encouragement. The author would like to thank Dr. Song Sun for stimulating discussions 
during our joint work in [19]. The author is also grateful to Professor Robert Berman 
for kindly pointing out that the argument for the continuity of II was missing in the first 
version and very helpful discussions. 
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